Abstract. Well balanced and free energy dissipative first-and second-order accurate finite volume schemes are proposed for a general class of hydrodynamic systems with linear and nonlinear damping. The variation of the natural Liapunov functional of the system, given by its free energy, allows, for a characterization of the stationary states by its variation. An analog property at the discrete level enables us to preserve stationary states at machine precision while keeping the dissipation of the discrete free energy. These schemes can accurately analyse the stability properties of stationary states in challenging problems such as: phase transitions in collective behavior, generalized EulerPoisson systems in chemotaxis and astrophysics, and models in dynamic density functional theories; having done a careful validation in a battery of relevant test cases.
Introduction
The construction of robust well-balanced numerical methods for conservation laws has attracted a lot of attention since the initial works of LeRoux and collaborators [37, 39] . The well-balanced property is equivalent to the exact C-property defined beforehand by Bermúdez and Vázquez in [5] , and both of them refer to the ability of a numerical scheme to preserve the steady states at a discrete level and to accurately compute evolutions of small deviations from them. On the other hand, the derivation of numerical schemes preserving structural properties of the evolutions under study such as dissipations or conservations of relevant physical quantities is an important line of research in hydrodynamic systems and their overdamped limits, see for instance [10, 23, 57, 65] . In the present work, we propose numerical schemes with well-balanced and free energy dissipation properties for a general class of balance laws or hydrodynamic models with attractive-repulsive interaction forces, and linear or nonlinear damping effects, such as the Cucker-Smale alignment term in swarming. The general hydrodynamic system has the form where ρ = ρ(x, t) and u = u(x, t) are the density and the velocity, P (ρ) is the pressure, H(x, ρ) contains the attractive-repulsive effects from external V or interaction potentials W , assumed to be locally integrable, given by H(x, ρ) = V (x) + W (x) ρ, and ψ(x) is a nonnegative symmetric smooth function called the communication function in the CuckerSmale model [21, 22] describing collective behavior of systems due to alignment [11] .
The fractional-step methods [49] have been the widely-employed tool to simulate the temporal evolution of balance laws such as (1) . They are based on a division of the problem in (1) into two simpler (José A. Carrillo) Department of Mathematics, Imperial College London, SW7 2AZ, UK (Serafim Kalliadasis) Department of Chemical Engineering, Imperial College London, SW7 2AZ, UK (Sergio P. Perez subproblems: the homogeneous hyperbolic system without source terms and the temporal evolution of density and momentum without the flux terms but including the sources. These subproblems are then resolved alternatively employing suitable numerical methods for each. This procedure introduces a splitting error which is acceptable for the temporal evolution, but becomes critical when the objective is to preserve the steady states. This is due to the fact that the steady state is reached when the fluxes are exactly balanced with the source terms in each discrete node of the domain. However, when solving alternatively the two subproblems, this discrete balance can never be achieved, since the fluxes and source terms are not resolved simultaneously.
To correct this deficiency, well-balanced schemes are designed to discretely satisfy the balance between fluxes and sources when the steady state is reached [6] . The strategy to construct well-balanced schemes relies on the fact that, when the steady state is reached, there are some constant relations of the variables that hold in the domain. These relations allow the resolution of the fluxes and sources in the same level, thus avoiding the division that the fractional-step methods introduce. Moreover, if the system enjoys a dissipative property and it has a Liapunov functional, obtaining analogous tools at the discrete level is key for the derivation of well-balanced schemes. In this work the steady-state relations and the dissipative property are obtained by means of the associated free energy, which in the case of the system in (1) is formulated as
where (3) ρΠ (ρ) = P (ρ).
The pressure P (ρ) and the potential term H(x, ρ) appearing in the general system (1) can be gathered by considering the associated free energy. Taking into account that the variation of the free energy in (2) with respect to the density ρ is equal to (4) δF δρ = Π (ρ) + H(x, ρ), it follows that the general system (1) can be written in a compact form as The system in (5) is rather general containing a wide variety of physical problems all under the so-called density functional theory (DFT) and its dynamic extension (DDFT) see e.g. [25, [32] [33] [34] 75, 76] and the references therein. A variety of well-balanced schemes have already been constructed for specific choices of the terms Π(ρ), V (x) and W (x) in the free energy (2) , see [1, 6, 27] for instance. Here the focus is set on the free energy and the natural structure of the system (5). It is naturally advantageous to consider the concept of free energy in the construction procedure of well-balanced schemes, since they rely on relations that hold in the steady states, and moreover, the variation of the free energy with respect to the density is constant when reaching these steady states, more precisely (6) δF δρ = Π (ρ) + H(x, ρ) = constant on each connected component of supp(ρ) and u = 0, where the constant can vary on different connected components of supp(ρ). As a result, the constant relations in the steady states, which are needed for well-balanced schemes, are directly provided by the variation of the free energy with respect to the density. The steady state relations in (6) hold due to the dissipation of the linear damping −ρu or nonlinear damping in the system (1) , which eventually eliminates the momentum of the system. This can be justified by means of the total energy of the system, defined as the sum of kinetic and free energy, (7) E(ρ, u) =
since it is formally dissipated, see [15, 18, 31] , as
This last dissipation equation ensures that the total energy E(ρ, u) keeps decreasing in time while there is kinetic energy in the system. At the same time, since the definition of the total energy (7) also depends on the velocity u, it results that the velocity throughout the domain eventually vanishes. When u = 0 throughout the domain, the momentum equation in (5) reduces to ρ∇ δF δρ = 0, meaning that in the support of the density the steady state relation (6) holds. However, for those points outside the support of the density and satisfying ρ = 0, the variation of the free energy with respect to the density does not need to keep the constant value when the steady state is reached. A discussion of the resulting steady states depending on Π(ρ) and H(x, ρ) is provided in [10, 16, 40] . The system (1) also satisfies an entropy identity
where η(ρ, ρu) and G(ρ, ρu) are the entropy and the entropy flux defined as
From a physical point of view the entropy is always a convex function of the density [46] . As a result, from (10) it is justified to assume that Π(ρ) is convex, meaning that Π (ρ) has an inverse function for positive densities ρ. This last fact is a necessary requirement for the construction of the well-balanced schemes of this work, as it is explained in section 2. Finally, notice that from the entropy identity (9), one recovers the free energy dissipation (8) by integration using the continuity equation to deal with the forces term H(x, ρ) and using symmetrization of the nonlinear damping term due to ψ being symmetric. Let us also point out that the evolution of the center of mass of the density can be computed in some particular cases. In fact, it is not difficult to deduce from (5) that
due to the antisymmetry of ∇W (x) and the symmetry of ψ(x). Therefore, in case V (x) is not present or quadratic, (11) are explicitly solvable. Moreover, if the potential V (x) is symmetric, the initial data for the density is symmetric, and the initial data for the velocity is antisymmetric, then the solution to (5) keeps these symmetries in time, i.e., the density is symmetric and the velocity is antisymetric for all times, and the center of mass is conserved
The steady state relations (6) only hold when the linear damping term is included in system (1). When only the nonlinear damping of Cucker-Smale type is present, the system has the so-called moving steady states, see [11, 13, 18] , which satisfy the more general relations (12) δF δρ = constant on each connected component of supp(ρ) and u = constant.
However, the construction of well-balanced schemes satisfying the moving steady state relations has proven to be more difficult than for the still steady states (6) without dissipation. For literature about well-balanced schemes for moving steady states without dissipation, we refer to [55, 73] . The most popular application in the literature for well-balanced schemes deals with the Saint-Venant system for shallow water flows with nonflat bottom [1, 6, 9, 50, 69, 72] , for which Π(ρ) = g 2 ρ 2 , with g being the gravity constant, and H(x, ρ) depends on the bottom. Here it is important to remark the work of Audusse et al. in [1] , where they propose a hydrostatic reconstruction that has successfully inspired more sophisticated well-balanced schemes in the area of shallow water equations [52, 54] . Another area where well-balanced schemes have been fruitful is chemosensitive movement, with the works of Filbet, Shu and their collaborators [26, 27, 36, 71] . In this case the pressure satisfies Π(ρ) = ρ (ln(ρ) − 1) and H depends on the chemotactic sensitivity and the chemical concentration. The list of applications of the system (1) continues growing with more choices of Π(ρ) and H(x, ρ) [71] : the elastic wave equation, nozzle flow problem, two phase flow model, etc. The orders of accuracy from the finite volume well-balanced schemes presented before range from first-and second-order [1, 45, 48, 50, 74 ] to higher-order versions [28, 54, 68, 71] . Again, the most popular application has been shallow water equations, and the survey from Xing and Shu [72] provides a summary of all the shallow water methods with different accuracies. Some of the previous schemes proposed were equipped to satisfy natural properties of the systems under consideration, such as nonnegativity of the density [2, 45] or the satisfaction of a discrete entropy inequality [1, 27] , enabling also the computation of dry states [28] . Theoretically the Godunov scheme satisfies all these properties [47] , but its main drawback is its computationally expensive implementation. The high-order schemes usually rely on the WENO reconstructions originally proposed by Jiang and Shu [42] .
Other well-balanced numerical approaches employed to simulate the system (5) are finite differences [69, 70] , which are equivalent to the finite volume methods for first-and second-order, and the discontinuous Galerkin methods [71] . The overdamped system of (5) with ψ ≡ 0, obtained in the free inertia limit where the momentum reaches equilibrium on a much faster timescale than the density, has also been numerically resolved for general free energies of the form (2), via finite volume schemes [10] or discontinuous Galerkin approaches [65] . This scheme for the overdamped system also conserves the dissipation of the free energy at the discrete approximation.
In general, all these schemes are applicable for specific choices of Π(ρ) and H(x, ρ), meaning that a general scheme valid for a wide range of applications is still missing. The focus in the literature has been set on the shallow water equations, and while some schemes [71] could be employed in a more general cases, most of the previous results are still only applicable to shallow water equations. In addition, the function H(x, ρ), which results from summing V (x) and W (x) ρ as in (1), has been generally taken as only dependent on x so far, and not on ρ by means of the convolution with an interaction potential W (x). In this work we present a finite volume scheme for a general choice of Π(ρ) and H(x, ρ) which is first-and second-order accurate and satisfies the nonnegativity of the density, the well balanced property, the semidiscrete entropy inequality and the semidiscrete free energy dissipation. Furthermore, as it is shown in example 3.9 of section 3, it can also be applied to more general free energies than the one in (2) and with the form
where K is a function depending on the convolution of ρ(x) with the kernel W (x). Its variation with respect to the density satisfies
These free energies arise in applications related to (D)DFT [25, 33] , see [14] for other related free energies and properties. Section 2 describes the first-and second-order well-balanced scheme reconstructions, and provides the proofs of their main properties. Section 3 contains the numerical simulations, with a first subsection 3.1 where the validation of the well-balanced property and the orders of accuracy is conducted, and a second subsection 3.2 with numerical experiments from different applications. A wide range of free energies is employed to remark the extensive nature of our well-balanced scheme. A short summary and conclusions are offered in section 4.
Well-balanced finite volume scheme
The terms appearing in the one-dimensional system (5) are usually gathered in the form of
where U are the unknown variables, F (U ) the fluxes and S(U ) the sources. The one-dimensional finite volume approximation of (15) is obtained by breaking the domain into grid cells x i−1/2 i∈Z and approximating in each of them the cell average of U . Then these cell averages are modified after each time step, depending on the flux through the edges of the grid cells and the cell average of the source term [49] . Finite volume schemes for hyperbolic systems employ an upwinding of the fluxes and in the semidiscrete case they provide a discrete version of (15) under the form
where the cell average of U in the cell
is denoted as
is an approximation of the flux F (U ) at the point x i+ 
The approximation of the flux F (U ) at the point x i+ 1 2 , denoted as F i+ 1 2 , is achieved by means of a numerical flux F which depends on two reconstructed values of U at the left and right of the boundary between the cells i and i + 1. These two values, U − i+ 1 2 and U + i+ 1 2 , are computed from the cell averages following different construction procedures that seek to satisfy certain properties, such as order of accuracy or nonnegativity. Two widely-employed reconstruction procedures are the second-order finite volume monotone upstream-centered scheme for conservation laws, referred to as MUSCL [56] , or the weighted-essentially non-oscllatory schemes, widely known as WENO [63] .
Once these two reconstructed values are computed, F i+ 1 2 is obtained from
The numerical flux F is usually denoted as Riemann solver, since it provides a stable resolution of the Riemann problem located at the cell interfaces, where the left value of the variables in U − i+ . The literature concerning Riemann solvers is vast and there are different choices for it [66] : Godunov, Lax-Friedrich, kinetic, Roe, etc. Some usual properties of the numerical flux that are assumed [1, 6, 27] are:
1. It is consistent with the physical flux, so that F(U, U ) = F (U ). 2. It preserves the nonnegativity of the density ρ i (t) for the homogeneous problem, where the numerical flux is computed as in (17). 3. It satisfies a cell entropy inequality for the entropy pair (10) for the homogeneous problem.
Then, according to [6] , it is possible to find a numerical entropy flux G such that
where ∇ U η is the derivative of η with respect to U = ρ ρu .
The first-and second-order well-balanced schemes described in this section propose an alternative reconstruction procedure for U − i+ 1 2 and U + i+ 1 2 which ensures that the steady state in (6) is discretely preserved when starting from that steady state. Subsections 2.1 and 2.3 contain the first-and secondorder schemes, respectively, together with their proved properties.
2.1. First-order scheme. The basic first-order schemes approximate the flux F i+ 1 2 by a numerical flux F which depends on the cell averaged values of U at the two adjacent cells, so that the inputs for the numerical flux in (17) are
The resolution of the finite volume scheme in (16) with a numerical flux of the form in (19) and a cell-centred evaluation of −ρ∂ x H for the source term S i is not generally able to preserve the steady states, as it was shown in the initial works of well balanced schemes [37, 39] . These steady states are provided in (6) , and satisfy that the variation of the free energy with respect to the density has to be constant in each connected component of the support of the density. The discrete steady state is defined in a similar way, (20) δF
where Λ Γ , Γ ∈ N, denotes the possible infinite sequence indexed by Γ of subsets Λ Γ of subsequent indices i ∈ Z where ρ i > 0 and u i = 0, and C Γ the corresponding constant in that connected component of the discrete support.
As it was emphasized above, the preservation of these steady states for particular choices of Π (ρ) and H(x, ρ), such as shallow water [1] or chemotaxis [27] , is paramount. A solution to allow this preservation was proposed in the work of Audusse et al. [1] , where instead of evaluating the numerical flux as in (17) , they chose
, where U
The interface values U ± i+ 1 2 are reconstructed from U i and U i+1 by taking into account the steady state relation in (20) . Contrary to other works in which the interface values are reconstructed to increase the order of accuracy, now the objective is to satisfy the well-balanced property. Bearing this in mind, we make use of (20) to the cells with centred nodes at x i and x i+1 to define the interface values such that Π ρ
where the term H i+
is evaluated to preserve consistency and stability, with an upwind or average value obtained as
Then, by denoting as ξ(s) the inverse function of Π (s) for s > 0, we conclude that the interface values U ± i+ 1 2 are computed as
The function ξ(s) is well-defined for s > 0 since Π(s) is strictly convex, Π (s) > 0. This is always the case since, as mentioned in the introduction, the physical entropies are always strictly convex from (10). However, some physical entropies and applications allow for vacuum of the steady states, therefore we need to impose the value of ρ ± i+ 1 2 , given that they should be nonnegative. From now on, ξ(s) will denote the extension by zero of the inverse of Π (s) whenever s > 0.
Furthermore, the discretization of the source term is taken as
which is motivated by the fact that in the steady state, with u = 0 in (15), the fluxes are balanced with the sources,
Here, ψ ij is an approximation of the average value of ψ on the interval centred at x i − x j of length ∆x j . From here, and integrating over the cell volume, it results that (25)
with the relation between Π (ρ) and P (ρ) was given in (3). This idea of distributing the source terms along the interfaces has already been explored in previous works [43] . The discretization of the source term in (24) entails that the discrete balance between fluxes and sources is accomplished when F i+
). The computation of the numerical fluxes expressed in (21) , in which the interface values U ± i+ 1 2 are considered, enables this balance if in the
, 0). Moreover, the discretization of the source term as in (24) may seem counter-intuitive when the system is far away from the steady state, given that the balanced expressed in (25) only holds in those states. In spite of this, the consistency with the original system in (15) is not lost, as it will be proved in subsection 2.2.
Let us finally discuss the discretization of the potential H(x, ρ) = V (x) + W * ρ(x). We will always approximate it as
where V i = V (x i ) and W ij = W (x i − x j ) in case the potential is smooth or choosing W ij as an average value of W on the interval centred at x i − x j of length ∆x j in case of general locally integrable potentials W . Let us also point out that this discretization keeps the symmetry of the discretized interaction potential W ij = W ji for all i, j ∈ Z whenever W is smooth or solved with equal size meshes ∆x i = ∆x j for all i, j ∈ Z.
2.2.
Properties of the first-order scheme. The first-order semidiscrete scheme defined in (16), constructed with (21)- (24), and for a numerical flux
) satisfying the properties stated in the introduction of section 2, satisfies:
(i) preservation of the nonnegativity of ρ i (t); (ii) well balanced property, thus preserving the steady states given by (20) ; (iii) consistency with the system (5); (iv) cell entropy inequality associated to the entropy pair (10), (26) 
where
(v) the discrete analog of the free energy dissipation property (8) given by
(vi) the discrete analog of the evolution for centre of mass in (11),
, which is reduced to
when the initial density is symmetric and the initial velocity antisymmetric. This implies that the discrete centre of mass is conserved in time and centred at 0.
Proof. Some of the following proofs follow the lines considered in [1, 27] .
for the homogeneous problem satisfies the nonnegativity of the density ρ i (t) if and only if
Given that the sources do not contribute to the continuity equation in (15) , for the numerical flux in (21) we need to check that (32) = 0 since Π(ρ) is assumed to be convex, and (32) results in
which is satisfied since (31) holds. (ii) To preserve the steady state the discrete fluxes and source need to be balanced,
When the steady state holds it follows from (23) that ρ
= 0, and
. Then, by consistency of the numerical flux F,
) .
Concerning the source term S i of (24) , in the steady state it is equal to (35) ∆x
Then the balance in (33) is obtained from (34) and (35) .
(iii) For the consistency with the original system of (5) one has to apply the criterion in [6] , by which two properties concerning the consistency with the exact flux F and the consistency with the source term need to be checked. Before proceeding, the finite volume discretization in (16) needs to be rewritten in a non-conservative form as (36)
Here the source term S i is considered as being distributed along the cells interfaces, satisfying
and
The consistency with the exact flux means that (23) . For the consistency with the source term the criterion to check is
. By assuming without loss of generality that H i+ 1 2 = H i , the second term of the last matrix results in
This term can be further approximated as
by taking derivatives in (ξ • Π )(ρ) = ρ and making use of (3). Finally, since ρ i+1 → ρ, the consistency with the source term is satisfied. An analogous procedure can be followed whenever
To prove (26) we follow the strategy from [27] . We first set G i+ 1 2 to be
.
Subsequently, and employing the inequalities for
in (18), it follows that
This last inequality can be rewritten after some long computations as
From here, by bearing in mind the definition of ρ − i+ 1 2 and ρ
in (23) and the definition of the scheme in (16)- (21)- (24), we get
, U
Finally, this last inequality results in the desired cell entropy inequality (26) by rearranging according to (15) , yielding
(v) The last property of the scheme and formulas (27) - (28) follow by summing over the index i over identity (38) , collecting terms and symmetrizing the dissipation using the symmetry of ψ. (vi) Starting from the finite volume equation for the density in (15) ,
, one can multiply it by x i and sum it over the index i, resulting in
By rearranging and considering, for instance, periodic or no flux boundary conditions, we get (29) . On the other hand, the finite volume equation for the momentum in (15), after summing over the index i, becomes
since the numerical fluxes cancel out due to the sum over the index i. In addition, the CuckerSmale damping term also vanishes due to the symmetry in ψ(x). Finally, if the initial density is symmetric and the initial velocity antisymmetric, the sum of pressures in the RHS of (39) is 0, due to the symmetry in the density. This implies that the discrete solution for the density and momentum maintains those symmetries, since (39) is simplified as
and as a result (29) reduces to (30) . This means that the discrete centre of mass is conserved in time and is centred at 0, for initial symmetric densities and initial antisymmetric velocities. Remark 2.1. As a consequence of the previous proofs, our scheme conserves all the structural properties of the hydrodynamic system (5) at the semidiscrete level including the dissipation of the discrete free energy (8) and the characterization of the steady states. These properties are analogous to those obtained for finite volume schemes in the overdamped limit [10, 65] .
Remark 2.2. All the previous properties, which are applicable for free energies of the form (2), can be extended to the general free energies in (13) . It can be shown indeed that the discrete analog of the free energy dissipation in (27) still holds for a discrete total energy defined as in (28) and a discrete free energy of the form
where K i is a discrete approximation of K(W (x) ρ) at the node x i and is evaluated as
2.3. Second-order extension. The usual procedure to extend a first-order scheme to second order is by computing the numerical fluxes (17) from limited reconstructed values of the density and momentum at each side of the boundary, contrary to the cell-centred values taken for the first order schemes (19) . These values are classically computed in three steps: prediction of the gradients in each cell, linear extrapolation and limiting procedure to preserve nonnegativity. For instance, MUSCL [56] is a usual reconstruction procedure following these steps. From here the values ρ i,l , ρ i,r , u i,l and u i,r are obtained ∀i, where l indicates at the left of the boundary and r at the right. Then the inputs for the numerical flux in (17) , for a usual second-order scheme, are
This procedure has already been adapted to satisfy the well-balanced property and maintain the second order for specific applications, such as shallow water [1] or chemotaxis [27] . In this subsection the objective is to extend the procedure to general free energies of the form (2). As it happened for the well-balanced first-order scheme, the boundary values introduced in the numerical flux, which in this case are U i,r and U i+1,l , need to be adapted to satisfy the well-balanced property.
For the well-balanced scheme the first step is to reconstruct the boundary values ρ i,l , ρ i,r , u i,l and u i,r following the three mentioned steps. In addition, the reconstructed values of the potential H(x, ρ) at the boundaries, H i,l and H i,r ∀i, have to be also computed. This is done as suggested in [1] . Instead of reconstructing directly H i,l and H i,r following the three mentioned steps, for certain applications one has to reconstruct firstly (Π (ρ) + H(x, ρ)) i to obtain (Π (ρ) + H(x, ρ)) i,l and (Π (ρ) + H(x, ρ)) i,r , and subsequently compute H i,l and H i,r as
This is shown in [1] to be necessary in order to maintain nonnegativity and the steady state in applications where there is an interface between dry and wet cells. For instance, these interfaces appear when considering pressures of the form P = ρ m with m > 0, as it is shown in examples 3.4 and 3.6 of section 3. For other applications where vacuum regions do not occur, the values H i,l and H i,r can be directly reconstructed following the three mentioned steps.
After this first step, the inputs for the numerical flux are updated from (17) to satisfy the wellbalanced property as
The interface values ρ ± i+ 1 2 are reconstructed as in the first-oder scheme, by taking into account the steady state relation in (20) . The application of (20) 
Then, by denoting as ξ(x) the inverse function of Π (x), the interface values ρ ± i+ 1 2 are computed as
The source term is again distributed along the interfaces,
, where
The difference here is that a central source term S c i has to be added now to preserve the consistency. This central term needs to satisfy certain requirements described in [6] to maintain the second-order accuracy and the well-balanced properties of the scheme. There is some flexibility in the choice of this term, as far as it satisfies the two criteria for second-order accuracy and well-balancing described in [6] . For instance, specific forms have worked for shallow water equations [1] or chemotaxis [27] . The objective here is to provide a general form of S c i which applies to general free energies of the form (2) . Following the strategy in [6] , we propose to approximate the generalized centred sources as
where the values ρ * i,l and ρ * i,r are computed from the steady state relation (20) as
and H * i is a centred approximation of the potentials satisfying
The second-order semidiscrete scheme defined in (16), constructed with (42)- (43), and for a numerical flux F satisfying the properties stated in the introduction of section 2, satisfies: (i) preservation of the nonnegativity of ρ i (t); (ii) well balanced property, thus preserving the steady states given by (20) ; (iii) consistency with the system (5); (iv) second-order accuracy.
The proof of these properties is omitted here since it follows the same techniques from [1, 27] , and the general procedure is very similar to the one from the first-order scheme in subsection 2.2.
Numerical tests
This section details numerical simulations in which the first-and second-order schemes from section 2 are employed. Firstly, subsection 3.1 contains the validation of the first-and second-order schemes: the well-balanced property and the order of accuracy of the schemes are tested in four different configurations. Secondly, subsection 3.2 illustrates the application of the numerical schemes to a variety of choices of the free energy, leading to interesting numerical experiments for which analytical results are limited in the literature.
Unless otherwise stated, all simulations contain linear damping with γ = 1 and have a total unitary mass. Only the indicated ones contain the Cucker-Smale damping term, where the communication function satisfies
The pressure function in the simulations has the form of P (ρ) = ρ m , with m ≥ 1. When m = 1 the pressure satisfies the ideal-gas relation P (ρ) = ρ, and the density does not develop vacuum regions during the temporal evolution. For this case the employed numerical flux is the versatile local LaxFriedrich flux. For the simulations where P (ρ) = ρ m and m > 1 vacuum regions with ρ = 0 are generated. This implies that the hyperbolicity of the system (5) is lost in those regions, and the local Lax-Friedrich scheme fails. As a result, an appropiate numerical flux has to be implemented to handle the vacuum regions. In this case a kinetic solver based on [61] , and already implemented in previous works [2] , is employed.
The time discretization is acomplished by means of the third order TDV Runge-Kutta method [38] and the CFL number is taken as 0.7 in all the simulations. The boundary conditions are chosen to be no flux. For more details about the numerical fluxes, temporal discretization, and CFL number, we remit the reader to Appendix A.
Videos from all the simulations displayed in this work are available at [59] .
3.1. Validation of the numerical scheme. The validation of the schemes from section 2 includes a test for the well-balanced property and a test for the order of accuracy. These tests are completed in four different examples with steady states satisfying (6), which differ in the choice of the free energy, potentials and the inclusion of Cucker-Smale damping terms. An additional fifth example presenting moving steady states of the form (12) is considered to show that our schemes satisfy the order of accuracy test even for this challenging steady states. The well-balanced property test evaluates whether the steady state solution is preserved in time up to machine precision. As a result, the initial condition of the simulation has to be directly the steady state. The results of this test for the four examples of this section are presented in table 1. All the simulations are run from t = 0 to t = 5.
The order of accuracy test is based on evaluating the L 1 error of a numerical solution for a particular choice of ∆x with respect to a reference solution. Subsequent L 1 errors are obtained after halving the ∆x of the previous numerical solution, doubling in this way the total number of nodes. The order of the scheme is then computed as (44) Order of the scheme = ln 2 L 1 error(∆x)
and the ∆x is halved four times. The reference solution is frequently taken as an explicit solution of the system that is being tested. In this case, the system in (5) does not have an explicit solution in time for the free energies presented here, even though the steady solution can be analytically computed. Since we are interested in evaluating the order of accuracy away from equilibrium, the reference solution is computed from the same numerical scheme but with a really small ∆x, so that the numerical solution can be considered as the exact one. In all cases here the reference solution is obtained from a mesh with 25600 nodes, while the numerical solutions employ a number of nodes between 50 and 400.
The results from the accuracy tests are shown in the tables 2, 3, 4, 5 and 6. The simulations were run with the configurations specified in each example and from t = 0 to t = 0.3, unless otherwise stated.
Example 3.1 (Ideal-gas pressure and attractive potential). In this example the pressure satisfies P (ρ) = ρ and there is an external potential of the form V (x) = with M 0 equals to 1 so that the total mass is unitary. The order of accuracy test from this example is shown in table 2, and the evolution of the density, momentum, variation of the free energy with respect to the density, total energy and free energy are depicted in figure 1 . From 1 (D) one can notice how the discrete total energy always decreases in time, due to the discrete free energy dissipation property (27) , and how there is an exchange between free energy and kinetic energy which makes the discrete free energy plot oscillate.
Example 3.2 (Ideal-gas pressure, attractive potential and Cucker-Smale damping terms).
In this example the pressure satisfies P (ρ) = ρ and there is an external potential of the form V (x) = x 2 2 . The difference with example 3.1 is that the Cucker-Smale damping terms are included, and the linear damping term −ρu excluded.
The relation holding in the steady state is expressed in (45) and the steady state satisfies (46) . The initial conditions are also (47) . The order of accuracy test from this example is shown in table 3, and the evolution of the density, momentum, variation of the free energy with respect to the density, total energy and free energy are depicted in figure 2 . The lack of linear damping leads to higher oscillations in the momentum plots in comparison to figure 1. There is also an exchange of kinetic and free energy during the temporal evolution, which could be noticed from the oscillations of the discrete free energy in figure 2 (D) . for a general total mass M 0 is again equal to the steady states from examples 3.1 and 3.2 with unit mass. The linear damping coefficient γ has been reduced, γ = 0.01, in order to compare the evolution with respect to the previous examples. The initial conditions for the order of accuracy test are the ones from example 3.1 in (47) . The order of accuracy test from this example is shown in table 4, and the evolution of the density, momentum, variation of the free energy with respect to the density, total energy and free energy are depicted in figure 3 . Due to the low value of γ in the linear damping, there is a repeated exchange of free energy and kinetic energy during the temporal evolution, which can be noticed from the oscillations of the free energy plot in figure 3 (D) . In the previous examples the linear damping term dissipates the momentum in a faster timescale and these exchanges only last for a few oscillations. One can also notice that the time to reach the steady state is higher than in the previous examples. 2 . Contrary to the previous examples 3.1, 3.2 and 3.3, the choice of P (ρ) = ρ 2 implies that regions of vacuum where ρ = 0 appear in the evolution and steady solution of the system. As explained in the introduction of this section, the numerical flux employed for this case is a kinetic solver based on [6] .
The steady state for this example with an initial mass of M 0 satisfies
The initial conditions taken for the order of accuracy test are
with M 0 being the mass of the system and equal to 1. The order of accuracy test from this example is shown in table 5, and the evolution of the density, momentum, variation of the free energy with respect to the density, total energy and free energy are depicted in figure 4 . The initial kinetic energy represents a large part of the initial total energy, and there is also an exchange between the kinetic energy and the free energy resulting in the oscillations for the plot of the discrete free energy. As a remark, in this example the order of accuracy for the schemes with order higher than one is reduced to one due to the presence of the vacuum regions, as it is also pointed out in [27] . The orders showed in table 5 are computed by considering only the regions in the support of the density, so that the vacuum regions are not taken into consideration. Example 3.5 (Moving steady state with ideal-gas pressure, attractive kernel and Cucker-Smale damping term). The purpose of this example is to show that our scheme from section 2 preserves the order of accuracy for moving steady states of the form (12) , where the velocity is not dissipated. As mentioned in the introduction, the generalization of well-balanced schemes to preserve moving steady states has proven to be quite complicated [55, 73] , and it is not the aim of this work to construct such schemes. For this example the pressure satisfies P (ρ) = ρ and there is an interaction potential with a kernel of the form W (x) = (48) ρ(x, t) = M 0 e
with M 0 equals to 1 so that the total mass is unitary. As a result, the order of accuracy test can be accomplished by computing the error with respect to the exact reference solution, contrary to what was proposed in the previous examples. It should be remarked however that the velocity and the variation of the free energy with respect to the density profiles are not kept constant along the domain by our numerical scheme, since the well-balanced property for moving steady states is not satisfied. The initial conditions for our simulation are (48) at t = 0, in a numerical domain with x ∈ [−8, 9]. The simulation is run until t = 3. The table of errors for different number of nodes is showed in table 6, and a depiction of the evolution of the system is illustrated in figure 5 . The velocity and the variation of the free energy plots are not included since they are not maintained constant with our scheme. (a) Evolution of the density (b) Evolution of the total energy and free energy Figure 5 . Temporal evolution of Example 3.5.
Numerical experiments.
This subsection applies the well-balanced scheme in section 2 to a variety of free energies from systems which have acquired an important consideration in the literature. Some of these systems have been mainly studied in their overdamped form, resulting when γ → ∞, and as a result our well-balanced scheme can be useful in determining the role that inertia plays in those systems.
Example 3.6 (Pressure proportional to square of density and double-well potential). In this example the pressure is taken as in example 3.4, with P (ρ) = ρ 2 , thus leading to vacuum regions. The external potential are chosen to have a double-well shape of the form V (x) = a x 4 − b x 2 , with a, b > 0. This system exhibits a variety of steady states depending on the symmetry of the initial condition, the initial mass and the shape of the external potential V (x). The general expression for the steady states is
, where C(x) is a piecewise constant function, zero outside the support of the density. Notice that C(x) can attain a different value in each connected component of the support of the density. Three different initial data are simulated in order to compare the resulting long time asymptotics, i.e., we show that different steady states are achieved corresponding to different initial data. The initial conditions are
with M 0 equal to 1 so that the total mass is unitary. When x 0 = 0, the initial density is symmetric, and when x 0 = 0 the initial density is asymmetric.
a. First case: The external potential satisfies V (x) =
2 and the initial density is symmetric with x 0 = 0. For this configuration the steady solution presents two disconnected bumps of density with the same mass in each of them, as it is shown in figure 6 (A) and (B) . The variation of the free energy with respect to the density presents the same constant value in the two disconnected supports of the density. The evolution is symmetric throughout. b. Second case: The external potential satisfies V (x) = and (D). Similarly, the variation of the free energy with respect to the density presents different constant values in the two disconnected supports of the density. c. Third case: for this last configuration the external potential is varied and satisfies V (x) =
2 , and the initial density is asymmetric with x 0 = 1. For this case, even though the initial density is asymmetric, the final steady density is symmetric and compactly supported due to the shape of the potential, as it is shown in figure 6 (E) and (F) . The variation of the free energy with respect to the density presents constant value in all the support of the density. This behavior shows that this problem has a complicated bifurcation diagram and corresponding stability properties depending on the parameters, for instance the coefficient on the potential well controling the depth and support of the wells used above.
Example 3.7 (Ideal pressure with noise parameter and its phase transition). The model proposed for this example has a pressure satisfying P (ρ) = σρ, where σ is a noise parameter, and external and interaction potentials chosen to be V (x) = , respectively. The corresponding model in the overdamped limit has been previously studied in the context of collective behaviour [3] , mean field limits [35] , and systemic risk [30] , see also [67] for the proof in one dimension.
We find that this hydrodynamic system exhibits a supercritical pitchfork bifurcation in the center of massx of the steady state when varying the noise parameter σ as its overdamped limit counterpart discussed above. For values of σ higher than a certain threshold, all teady states are symmetric and have the center of massx at x = 0. However, when σ decreases below that threshold, the pitchfork bifurcation takes place. On the one hand, if the center of mass of the initial density is at x = 0, the final center of mass in the steady state remains at x = 0. On the other hand, if the center of mass of the initial density is at x = 0, the center of mass of the steady state approaches asymptotically to x = 1 or x = −1 as σ → 0, depending on the sign of the initial center of mass. Finally, when σ = 0, the steady state turns into a Dirac delta at x = 0, x = 1 or x = −1, depending on the initial density. The pitchfork bifurcation is supercritical since the branch of the bifurcation corresponding tox = 0 is unstable. This means that any deviation from an initial center of mass at x = 0 leads to a steady center of mass located in one of the two branches of the parabola in the bifurcation state. The numerical scheme outlined in section 2 captures this bifurcation diagram for the evolution of the hydrodynamic system. The results are shown in figure 7 . In it, (A) depicts the bifurcation diagram of the final centre of mass when the noise parameter σ is varied, and for an initial center of mass at x = 0. For a symmetric initial density and antisymmetric velocity, the centre of mass numerically remains at x = 0 for an adequate stopping criterion, since property (vi) in subsection 2.2 holds. However, any slight error in the numerical computation unavoidably leads to a steady state deviating towards any of the two stable branches, due to the strong unstable nature of the branch with x = 0. In (B) of figure 7 there is an illustration of the steady states resulting from an initial center of mass located at x > 0, for different choices of the noise parameter σ. For σ = 0.001, which is the smallest value of σ simulated, the density profile approaches the theoretical Dirac delta expected at x = 1 when σ → 0. When σ = 0 the hyperbolicity of the system in (5) is lost since the pressure term vanishes, and as a result the numerical approach in section 2 cannot be applied.
The numerical strategy followed to recover the bifurcation diagram is based on the so-called differential continuation. It simply means that, as σ → 0, the subsequent simulations with new and lower values of σ have as initial conditions the previous steady state from the last simulation. This allows to complete the bifurcation diagram, since otherwise the simulations with really small σ take long time to converge for general initial conditions. In addition, to maintain sufficient resolution for the steady states close to the Dirac delta, the mesh is adapted for each simulation. This is accomplished by firstly interpolating the previous steady state with a piecewise cubic hermite polynomial, which preserves the shape and avoids oscillations, and secondly by creating a new and narrower mesh where the interpolating polynomial is employed to construct the new initial condition for the differential continuation.
Example 3.8 (Hydrodynamic generalization of the Keller-Segel system -Generalized Euler-Poisson systems). The original Keller-Segel model has been widely employed in chemotaxis, which is usually defined as the directed movement of cells and organisms in response to chemical gradients [44] . These systems also find their applications in astrophysics and gravitation [24, 64] . It is a system of two coupled drift-diffusion differential equations for the density ρ and the chemoattractant concentration S,
In this system P (ρ) is the pressure, and the biological/physical meaning of the constants χ, D s , α and β can be reviewed in the literature [4, 40, 41] . For this example they are simplified as usual so that χ = D s = β = 1 and θ = 0. A further assumption usually taken in the literature is that ∂ t ρ is very big in comparison to ∂ t S [40] , leading to a simplification of the equation for the chemoattractant concentration S, which becomes the Poisson equation −∆S = ρ. Hydrodynamic extensions of the model, which include inertial effects, have also been proven to be essential for certain applications [19, 20, 29] , leading to a hyperbolic system of equations with linear damping which in one dimension reads as
By using the fundamental solution of the Laplacian in one dimension, this equation becomes 2S = |x| ρ. This term, after neglecting the constant, can be plugged in the momentum equation so that the last equation for S can be removed. As a result, the hydrodynamic Keller-Segel model is reduced to the system of equations (1) considered in this work, with W (x) = |x|/2, V (x) = 0 and ψ ≡ 0. As a final generalization [10] , the original interaction potential W (x) = |x|/2 can be extended to be a homogeneous kernel W (x) = |x| α /α, where α > −1. By convention, W (x) = ln |x| for α = 0. Further generalizations are Morse-like potentials as in [10, 17] where W (x) = 1 − exp(−|x| α /α) with α > 0. The solution of this system can present a rich variety of behaviours due to the competition between the attraction from the local kernel W (x) and the repulsion caused by the diffusion of the pressure P (ρ), as reviewed in [7, 8] . By appropriately tuning the parameters α in the kernel W (x) and m in the pressure P (ρ), one can find compactly supported steady states, self-similar behavior, or finitetime blow up. Three different regimes have been studied in the overdamped generalized Keller-Segel model [10] : diffusion dominated regime (m > 1 − α), balanced regime (m = 1 − α) where a critical mass separates self-similar and blow-up behaviour, and aggregation-dominated regime (m < 1 − α). These three regimes have not been so far analytically studied for the hydrodynamic system except for few particular cases [12, 13] , and the presence of inertia indicates that the initial momentum profile plays a role together with the mass of the system to separate diffusive from blow-up behaviour.
The well-balanced scheme provided in section 2 is a useful tool to effectively reach the varied steady states resulting from different values of α and m. The objective of this example is to provide some numerical experiments to show the richness of possible behaviors. This scheme can be eventually employed to numerically validate the theoretical studies concerning the existence of the different regimes for the hydrodynamic system for instance, or how the choice of the initial momentum or the total mass can lead to diffusive or blow-up behaviour. This will be explored further elsewhere. We have conducted two simulations with different choices of the paramenters α and m. In both m > 1, so that a proper numerical flux able to deal with vacuum regions has to be implemented. As emphasised in the introduction of this section, the kinetic scheme developed in [60] where the total mass M 0 of the system is 1.
In the first simulation the choice of parameters is α = 0.5 and m = 1.5. According to the regime classification for the overdamped system, this would correspond to the diffusion-dominated regime. In the overdamped limit, solutions exist globally in time, and the steady state is compactly supported. The results are depicted in figure 8 and adequately agree with this regime. In the steady state the variation of the free energy with respect to density has a constant value only in the support of the density, as expected. The total energy decreases in time and there is no exchange between the free energy and the kinetic energy since the free energy in figure 8 (D) does not oscillate. The second simulation has a choice of parameters of α = −0.5 and m = 1.3. In the case of the overdamped system this would correspond to the aggregation-dominated regime, where blow-up and diffusive behaviour coexist and depend on the initial density profile. The results from this simulation of the hydrodynamic system are illustrated in figure 9. For this particular initial condition there is analytically finite-time blow up. Our scheme, due to the conservation of mass of the finite volume scheme, concentrates all the mass in one single cell in finite time, that is, the scheme achieves in finite time the better approximation to a Dirac Delta at a point with the chosen mesh. Once this happens, this artificial numerical steady state depending on the mesh is kept for all times. From figure 9 (C) it is evident that the variation of the free energy with respect to density does not reach a constant value, and in figure 9 (D) the free energy presents a sharp decay when the concentration in one cell is produced (around t ≈ 65). The value of the slope in the free energy plot theoretically tends to −∞ due to the blow up, but in the simulation the decay is halted due to conservation of mass and the artificial steady state. This agrees with the fact that the expected Dirac delta profile in the density at the blow up time is obviously not reached numerically. It was also checked that this phenomena repeats for all meshes leading to more concentrated artificial steady states with more negative free energy values for more refined meshes. For other more spreaded initial conditions our scheme produces diffusive behaviour as expected from theoretical considerations.
A further simulation is carried out to explore the convergence in time towards equilibration with a Morse-type potential of the form W (x) = −e −|x| 2 /2 / √ 2π. With this potential the attraction between two bumps of density separated at a considerable distance is quite small. However, when enough time has passed and the bumps get closer, they merge in an exponentially fast pace due to the convexity of the Gaussian potential, and a new equilibrium is reached with just one bump. The interesting fact about this system is therefore the existence of two timescales: the time to get the bumps of density close enough, which could be arbitrarily slow, and the time to merge the bumps, which is exponentially fast in time.
We have set up a simulation whose initial state presents three bumps of density, with the initial conditions satisfying The results are depicted in 10. In (A) one can observe how the two central bumps of density merge after some time, and how the third bump, with less mass, starts getting closer in time until it also blends. This is also reflected in the evolution of the free energy in figure 10 (D) , where there are two sharp and exponential decays corresponding to the merges of the bumps. for the fluid's free energy which encodes all microscopic information such as the ideal-gas part, short-range repulsive effects induced by molecular packing, attractive interactions and external fields. This functional can be exactly derived only for a limited number of applications, for instance the one-dimensional hard rod system from Percus [58] . However, in general it has to be approximated by making appropriate assumptions, as e.g. in the so-called fundamental-measure theory of Rosenfeld [62] . These assumptions are usually validated by carrying out appropriate test simulations (e.g. of the underlying stochastic dynamics) to compare e.g. the DDFT system with the approximate free-energy functional to the microscopic reference system [32] .
The objective of this example is to show that the numerical scheme in section 2 can also be applied to the physical free-energy functionals employed in (D)DFT, which satisfy the more complex expression for the free energy described in (13) , and with a variation satisfying (14) . For this example the focus is on the hard rods system in one dimension. Its free energy has a part depending on the local density and which satisfies the classical form for an ideal gas, with P (ρ) = ρ. It is therefore usually denoted as the ideal part of the free energy,
There is also a part of general free energy in (13) which contains the non-local dependence of the density, and has different exact or approximative forms depending of the system under consideration. In (D)DFT it is denoted as the excessive free energy, and for the hard rods satisfies ρ(x + y)dy.
The function K(x) in this case satisfies K(x) = ln(1 − x) and the kernel W (x) takes the form of a characteristic function which limits the interval of the packing function (3.9) . To obtain the excessive free energy for the hard rods one has to also consider changes of variables in the integrals. The last part of the general free energy in (13) corresponds to the effect of the external potential V (x). On the whole, the variation of the free energy in (13) with respect to the density, for the case of hard rods, This system can be straightforwardly simulated with the well-balanced scheme from section 2 by gathering the excessive part of the free energy and the external potentials under the term H(x, ρ), so that where the density is chosen so that the total mass of the system is 8. The results are plotted in figure 11 . The steady state reached for the density reveals layering due to the confining effects of the external potential and the repulsion between the hard rods. These layering effects can be amplified by increasing the coefficient in the external potential. It is also observed how each of the 8 peaks has a unitary width. This is due to the fact that the length of the hard rods σ was taken as 1. The variation of the free energy with respect to the density also reaches a constant value in all the domain. For microscopic simulations of the underlying stochastic dynamics for similar examples we refer the reader to [33] .
Starting from this last steady state, the second simulation performed for this example shows how the hard rods diffuse when the confining potential is removed. This simulation has as initial condition the previous steady state from figure 11 and the external potential is set to V (x) = 0. The results are depicted in figure 12 , and they share the same features of the simulations in [53] . The final steady state of the density is uniform profile resultant from the diffusion of the hard rods, and in this situation the variation of the free energy with respect to the density also reaches a constant value in the steady state, as expected.
Conclusions
We have introduced first-and second-order accurate finite volume schemes for a large family of hydrodynamic equations with general free energy, positivity preserving and free energy decaying properties. These hydrodynamic models with damping naturally arise in dynamic density functional theories and the accurate computation of their stable steady states is crucial to understand their phase transitions and stability properties. The models posses a common variational structure based on the physical free energy functional from statistical mechanics. The numerical schemes proposed capture very well steady states and their equilibration dynamics due to the crucial free energy decaying property resulting into well-balanced schemes. The schemes were validated in well-known test cases and the chosen numerical experiments corroborate these conclusions for intricate phase transitions and complicated free energies.
There are also several new avenues of possible future directions. Indeed, we believe the computational framework and associated methodologies presented here can be useful for the study of bifurcations and phase transitions for systems where the free energy is known from experiments only, either physical or in-silico ones, and then our framework can be adopted in a "data-driven" approach. Of particular extension would also be extension to multi-dimensional problems. Two-dimensional problems in particular would be of direct relevance to surface diffusion and therefore to technological processes in materials science and catalysis. We shall examine these and related problems in future studies.
